91

HHD®OPMATHKA, BBIYUC/TUTE/IBHAA TEXHUKA H YIIPABJIEHUE

VIIK 629.73(045)

I. N. Ibrahim, Post-graduate, Kalashnikov ISTU

DESIGING A REAL MATHEMATICAL MODEL OF A HEXACOPTER

IN THE INERTIAL FRAME

1. Introduction

P | owadays, the mini-drones invade several appli-
cation domains [1][2][3]. The control of an
aerial robot such as a hexacopter requires
studying its dynamics in order to account for gravity
effects and aerodynamic forces [1][2]. These aerial vehi-
cles have high maneuverability and stationary flight
[4]1[5]. In this work equations of motion were derived of
the whole system using the Newton-Euler formulation
for translational and rotational dynamics of a rigid body
[1]. This paper is focusing on studying the nature of
characteristics such as nonlinearity and coupling of vari-
ables, then adding disturbances that are presented as an
environment for outdoor simulation [3], which is omitted
in most of the literature. The structure of the paper is as
follows: describing both the kinematics and dynamics

then explaining the equations of motion.

2. Reference Systems for the UAV Hexacopter

In order to describe the hexacopter motion only two
reference systems are necessary: earth inertial frame
(E-frame) and body-fixed frame (B-frame). An Inertial
frame is a system that uses the North, East, and Down
(NED) coordinates and the origin of this reference sys-
tem is fixed in one point located on the earth surface as
shown in Figure 1, and the (X, Y, Z) axes are directed to
the North, East, and Down, respectively. The mobile
frame (X3, Y3, Zp) is the body fixed frame that is cen-
tered in the hexacopter center of gravity and oriented as
shown in Figure 1. The angular position of the body
frame with respect to the inertial one is usually defined
by means of the Euler angles: roll ¢, pitch 6, and yaw .

As the vector: c=[¢@6 \V]T , ¢and 0 €e|-n/2, -m/2[;
\} e] -, rc[. The inertial frame position of the vehicle is
given by vector &=|x y z]T [1][2] [5]. The transforma-
tion from the body frame to the inertial frame is realized
by using the well-known rotation matrix C; [7] [8]:

Oy s@sOcy —cosy  sQsy + cosOey
Cy =| sy cocy +s@sOsy  cosOsy —spey |,
—-s0  socO cpc

which is orthogonal, and ¢ equivalent to cosO also s0
means sin®, while the transformation matrix for angular

velocities from the body frame to the inertial one is S
[3][5]. Where 6 = SQ, & = CyV, the angular velocity Q

is defined by the vectorQ:[ pqr]T, and the linear

velocity is defined by the vector V =[uv W]T in the

body frame.

Figure 1. UAV, Hexacopter Structure and Frames

3. Aerodynamic Forces and Moments in Axial

Flight

In order to describe the dynamics of the hexacopter,
that is assumed to be a rigid body and has a symmetrical
structure, Newton-Euler equations [1][3], that govern
linear and angular motion are used as shown in equa-

tion 2, where m is the mass of hexacopter, ZF is the

total force and ZM is the total moment acting along

the axis:

mly;  Ogp 14 Qx(mV)
|+ =
03,3 J|Q Qx(JQ)
3.1. Force Analysis

a. Thrust Force: The main force affecting the air-
craft movement is the thrust force resulting from the

o
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propellers that lead to raising the aircraft in the air. The

model has the total thrust force vector is 7 which is the
6

sum of the propellers thrust force vectors 7 = ZTi in
i=1

the body frame. The thrust and torque as in [5] are:

|Ti| =pCrAR*w?, and |Qi| = pCQAR30)iz. Where blade

l 5
rotation is with angular velocity o, the blade radius is R,
Cr and C, are respectively thrust and torque coeffi-

cients, p is the air density and 4 the disc area. The thrust
and torque coefficients can be written as:

Cr =%HCL(1 {%—(yc +v; )},
Co =(1/2)nx
X[Cm (re +1:){(05/3) = ((ve +7:)/2)) + CD/4)]

where p is the rotor solidity, C;,, is the lift slope coeffi-
cient, C, is the drag coefficient y,, and v, are the in-

flow factors [5]. Finally, the total force of thrust gener-
ated by the six propellers in the earth frame is defined as:

6
(cocysd+sosy) Z| i

1
7

i

Ma\

Fy=CJ| 0 =| (cosOsy —socy)

6
leril
L= _

i=1

6
B (cocd) Z' |
i=1

L i dE

b. Drag Force: It is the opposing force to the travel-
ling of the hexacopter in air, which is resulting from the
aerodynamic friction, air density, velocity, and can be
expressed by the following equation at the earth’s frame:
F,; =Kp&, where Ky is a diagonal matrix related to

the aerodynamic friction constant &, [4][5].

c. Gravitational Force: The gravity force is directed
toward the center of the earth and the equation of the
gravity force in the earth frame according to [1][2] is:

T
Fgr = m[O 0 g]E.
d. Disturbance Force: Other forces like the Coriolis

force from the earth, the wind, and Euler forces are con-
sidered as a disturbance, summarized as F},; in the earth

T .
frame: Fj, = [Fd,x Fyy Fyp. JE. Therefore, the equations

of motion that govern the translational motion with re-
spect to the earth frame are:

D F =Fp —Fy = Fg +Fpy =mV +Qx(mV);

(cocysd+spsy) 26:|Tl|
o k&
(cosBsy — S(pcw)2| i —ky| -
. = ki),
(cocd) X |7}
L il 1k
0 Fy. X
—m| 0| +|Fy | =m|y|,
8lg | Fa: g Z)e

where Qx(m V) has a small effect and approximately

equal to zero. Therefore, the equations, after some sim-
plifications, are as follows:

k, . F
¥=U, ——Li+d
m m
k. Fy,
F=U, L2,
m m
k. F
$=U, ——Lz+-9
m m

where

6
= (cocysO+sosy )uy /m=a, (9,6, \Il)z o}
i=1
6
U, =(cosOsy —soey)uy /m=a, (9.0,y) > of;
i=1
&
U. =(cocb)ur /m=a. (9.0) Y o
i1

6 6
uT:Z|Ti|=pCTARZZ®,-2; a=£—>0.
i=1 i=1 m

Therefore, the final equations with respect to Earth
frame are:

Fdlx_ Fd]r

i —ai+U, F’” U, F’”
pl=| —ar+U, |[+~2|=| U, [+ -2
. m m

: Tt UZ —& Fd]z UZ —& Fd]z
_m_. _m_.

3.2. Moments Analysis

The aircraft is affected by several types of moments:
the thrust moment resulting from the motors, the motors
inertia moment, the aerodynamic moment, and the dis-
turbances moment. Supposing, the inertia matrix of the
aircraft is J, the structure of the aircraft is symmetric, so
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according to [5] the inertia matrix is of the following
form: J=[J, 00; 07,0, 00/ ] ; JeRy, [5]
Therefore, the moments acting on the center of the air-

craft can be analyzed as follows:

a. Propeller Moments: The A/, is part of the ex-

hrus
ternal moments, and is described by the propeller thrust

6

ZTZ- generated by the propellers, and the distance /
i=1
from CG to the center of the propeller. The attitude of
the vehicle in the air, i. e., Euler angles ¢ = [(p 0 \V]T

change, by controlling the angular velocity of motors,
i.e., there is a different thrust moment over time,

T
My =[M, M, M,| , where M, M, M, arc the
moments about the axes Xj,Y;,Z; in the body frame

[1]{3] [4], therefore M, is described by the follow ex-
pression:

NG

AN ARARANA)
1
(AR ARARE )

3( 2, .2, .2 2 2 2
pCoAR (co1 + @y + 0 — 5 — 03 —cos)

b. The aerodynamic moment: It is the moment re-
sulting from the aerodynamic friction in air and is pro-
portional to the torque around the axes, and it is ex-
pressed by the following equation:

. T
My =KyQ =Ky 620V, where Ky s

a diagonal matrix related to the rotational aerodynamic
friction constant by the parameter K, [4][5].

c. Disturbance moment: It is the total of the distur-
bances affecting the torque around the aircraft axes re-

sulting from disturbances in the motors movement, the
wind, and the load in the aircraft, expressed as

T
My, :|:Md](p M 46 Md]\u:| :

d. Propeller Gyroscopic effect: The rotation of
the propellers produces a gyroscopic effect:

Mg, = [—J,,éoo,, J,.om, O]T [3], where J, is the rota-

tional inertia of the propeller [NmS?] and the o, is the
overall propeller speed [rad/s], as
®, =—0; + Oy — O3 + Oy —O5 + .

e. Yaw counter moment: Differences in rotational
acceleration of the propellers produces a yaw inertial

[00J.6] 3]

Therefore, the equations of motion that govern the rota-
tional motion with respect to the body frame are:

counter moment as follow: M, ... =

ZMzMT _MAI +ngr0 +Mcounter

=JQ+Qx(mQ);

+Mp, =

M,T ke | [-J 60, 0 My,
2
M, |- k6% |+ J(pm 0 |+| My |=
Mr k,, Md]\y
=J q + q}J q;
M - k J. .
)4 y Z r r dle
=——+ r -—Lp—-——"L0o, +
p J)C q JX JXp J)C ' X
M, J, —J k
q=—q+pr( : X)——’q——’fpwﬁ Lo,
Iy Iy Jy oy ¥
7 (Jx _Jy) kl Jr Md[‘V
F=—L+pg —-——Lr——Lao, +
JZ JZ JZ JZ JZ
¢ P
6=|0| =S|¢q
Vg " g

When S — 7 the hexacopter tends to the stable
point, therefore the equations of angular rate will be re-
lated to the earth frame, in addition to considering some

. J. J. T
assumptions as:——=—"-= J—’

X v z

around the zero, and J, =J o

— 0 is a small effect

so the equations will be

as shown in the following:

. M
$=U, + b0V +cp” +—2

0=U, +b,p\ +c,0° +% ;

y
M
i =U, + ey +—
z
M, 3pic; AR’
_p _Nopicr 2,2 2 2
Up_Jx = 2 (co3+(o6 o (;)5),
2, 02 2 2
Up:a(p(co3+o)6 oy 0)5),
M, ple, AR
g _ Pler 2,2 N )
U, = : 27 (w3+(05+2(01 0y — g 20)2),
Uq:ae(o)§+m§+2m12—mi—mé—20)§),
M, pleyAR®
U,:—y:pQ—(w12+wi+0)(2,—0)§—0)§—w§),
J, 2J,
U,:aw(colz+o)i+mé—m§—0)§—m§),
L) -a)
1 JX ) 2 J B
c ks c ky c ks
1= > =7 =7
J, J, J

(17)



94 ISSN 1813-7903. Bectuuk UxI'TY umenn M. T. Kagamnuxosa. 2017. T 20, Ne 1

4. State Space Model
The dynamic model presented in translational and ro-
tational equation set can be rewritten in the state-space

form: X = f(X)+g(X,U)+8, where § is the distur-

bances, and the X € R'? is the vector of state variables
given as follows:

X=[xiyyzz29000yy].

Then we can derive the final equations of the system,
which governs the transitional and rotational of hexacopter,
with respect to the earth frame in state space as follows:

X —a X U, Fix / m
Xy |+ Uy |+] Fypy / m |=
X6 —a)\ X6 Uz Fdlz

m

—-&

Ux Fd[x/m
=|U, |+ Fdly/m
Us) | Far _

zZ

m

. 2
Xg byxoxy + g
X0 | =| byxgxyy +oxly |+
10 | =] D2XgXip +Ca X

: 2
X
12 byxgXy + 3},

+
o o ~
o - o
- o o
T o <
+
<

The control input to the system is the vector
T
U:[U)r u,u.Uu,U, U,J , where the following

equation gives the relation between the angular speed of
the propellers and the control inputs.

Tomyueno 31.10.2016

—Ux 1 _+ax +a, +a, +a, +a, +a, i _0)12 ]
Uy +a, +a, +a, +a, +a, +a, co%
U, +a, +a, +a, +a, +a, +a, cog
U, o 0 +a, -a, —a, +a, 03421 .
U 4 2ay 2ay +ay —ay +ay —ay (Dg

_U,, | |tey —a, -a, +a, -a, +a,| I (Dg |

The final concluded equations were represented the
nonlinearity, coupled and time-variance in variables that
are not considered in other papers like [3][4], the others
are used simplification techniques as well as linearization
tools. In addition, the suggested model was taking into
consideration the disturbances in forces and moments.

5. Conclusion

The suggested real and complex dynamic mathemati-
cal model, derived as shown in the equations, is suitable
for systems that are characterized by nonlinearity, time
variance, and coupling among their variables, and for out-
door applications. Any change in the input variables leads
to changes in most of the output variables, where addi-
tionally disturbances were added the thing that was not
considered in other papers. With respect to the control
input vector U, it is clear that the rotational subsystem is
fully-actuated, it is only dependent on rotational state vari-
ables x7 to x,, while the translational subsystem is under-
actuated as it is dependent on both the translational state
variables x; to x4 and the rotational ones x7 to x,.
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