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MOJIEJIMPOBAHUE TUHAMUKU IIVTAHETAPHBIX IIEPEJTIAY
C DJIEMEHTAMM NOBBIIEHHOMW MOJATJIUBOCTH

N. A. llymkapes, acnupasT, kI TY umenu M. T. Kanamnukosa, Mxesck, Poccust

THogvluennas nodamaueoCmy 1eMeHMO8 NAAHEMAPHOU nepedayu CnocoOCMEYem GbiPAGHUBAHUIO HAZPY3KU 6 3a-
YenneHusIx Koiec, Ho CO30aen ONACHOCHb 603HUKHOBEHUSL HENCELAMENbHbIX KONeOaHUll. AKmYyaibHol A8158emcs 3a0a-
ua UCCe008aHUsl OUHAMUKY NIAHEMAPHBIX NEPeOay ¢ INEMEHMAMU NOBLIUEHHOT NOOAMIUBOCTIU.

Inanemapnas nepedaua npedcmagnena HabOpomM meepovix men (3y04amuix Koiec), COeOUHEHHbIX NPYIHCUHAMU,
MoOenupyrowumuy ynpyaue ceasu 8 3youamoix napax. I'ubkuii snuyuxi npedcmasien 8 gude uacmeti 0000a u ynpyzo
CBA3AHHBIX OMOETbHBIX 3Y0bes, HAX0OAUWUXCS 8 OAHHBIN MOMEHM 8 3AYENJIeHUU.

Mamemamuueckas moodenb OUHAMUKY NIAHEMAPHO20 MEXAHUZMA COCMAGIeHa HA OCHOGe ypasHeHull Jlazpandica
8MOp0o2o pooa. Yumerno dessimv 0000wenHbix Koopounam. B 0600wennvle cunvl 6x005m: MOMeHMbl 08Ueamens, Cuil
NONIe3HO20 CONPOMUBNEHU U MPEHUS, MOMEHM, 00VCNIO0GIEHHbIN KPYUEeHUEeM YNpy2o20 6ald COIHEYHOU WeCmepHU;
ynpyaue Cubl 8 3ayenieHul Koiec, 8 0CIX CAMeLIUmos, Mejicoy OmoeIbHbIMU 3y0baMU INUYUKIA.

B nepsom npubnusicenuu cuumaemcs, umo yenoeas cKopocms 6oouna nocmosnua. Ilpunumaemes makoice, 4mo
CYMMA MOMEHMO8 08U2ames, CUl ROJIe3H020 CONPOMUGILEHUS. U MPEHUsL PAGHA HYIIO, YEHMP MACC CAMELIUma OMmHo-
cumenvHo 800una He nepemewaemcs. Cucmema uz d0egamu Ou@epeHyuanbHbIX YpagHeHull céedend K 08yM ypasHe-
HUSIM CBODOOHBIX KONEOAHUTL CameLIuma U COMHEYHOU wecmephu. JKecmkocms 6 3y04amom 3ayenieHul eblpadicena
yepes MOOYib YIPY2OCHU U WUPUHY GeHya 3yOuamulx Koiec. Momenmyl unepyuu Koiec npuHsmsl KaK y CHIOUHBIX
OUCKO8; MACCbL KONIeC ONPEOeSLIOMCL ¢ Y4emom Kodhduyuenma 3anoiHeHus.

Honyuenvr ananumuueckue 3a8UcUMOCmu Ojisk COOCMBEHHBIX HACTOM C80O0OHBIX KONeOAHUL cameiiuma u ol
HeuHOU wecmepHu 6ciedcmeue nooamiusocmu 3yoves. Hccnedoeano enusHue ouamempa CONHEHYHOU uecmepHu
U nepedamoyHo20 OMHOUlEHUsT NIAHEMAPHO20 MeXAHU3MAa Ha 3HadeHusi cobcmeennvlx uacmom. Coenan 6bl600
0 GIUSIHUU Y8eNUYEHUs NOOAMIUBOCU JJIEMEHMO8 NIAHEeMAPHOU nepedadu Ha HedcelamenbHble KoneOanus camel-
JUMA U CONHEYHOU WeCmepHi.

KiaroueBble ciioBa: IUTaHETapHasA nepeaaya, mogaTiInBOCTb 3JIEMEHTOB, TNHAMHUKA, KOH€6aHI/I$I, COOCTBEHHAs 4acToTa.

Beenenne
JMaHeTapHble Tepefadyd HaIIN ITHPOKOE
pacmpocTpaHeHHe B TEXHHKe Ojaromaps
XOpOUIMM MaccorabapuTHBIM MoKa3aTe-
JISIM, CPaBHUTENBHO MAJIBIM ITOTEPSIM MOIIHOCTH Ha
TpeHHe, BO3MOXKHOCTH peaNn3aiuy OOJBIIOTO TIe-
pemaTrodHoro OTHOWIEHHs. Hamuune B 3alleruieHuu
OJTHOBPEMEHHO HECKOJIBKUX Map 3yObeB MO3BOJISET
JIOCTUYh BBICOKOW HArpy304HOW CITOCOOHOCTH, YTO
BBITO/THO OTJIIMYAET ATH TepeAayvdl OT PATHBIX 3yO-
gaThix mepenad [1, 2]. B mocneanee Bpems paspa-
0O0TaHbl HOBBIE KOHCTPYKIHMHU IUIAHETApPHBIX Mepe-
Jlad C TIOBBIIIEHHONH MOJATIUBOCTBIO 3JIEMEHTOB
nepenaun [3—5]. Takoe ucnoyiHeHHE TUTAHETAPHOM
nepefayn, C OJHOW CTOPOHBI, CIOCOOCTBYET BBI-
PaBHUBAHMIO HATPY3KH B 3aLEIUICHUSIX Kojec [6—8],
C IPYrod — CO3MaeT OMACHOCTHh BBIXOJa Iepenadu
U3 CTPOsl B pe3yJbTaTe BO3HUKHOBEHHs OOJBIINX
HaNpPsOKEHUH B TOAATIMBBIX JJIEMEHTaX Tepenaadu
[9, 10], a Takke BO3HUKHOBECHHS HEXEJIATEIHHBIX

kojeOanwmii [11, 12].
B cBs3M ¢ 3TUM aKkTyaJlbHOW SIBJISETCS 3amada
WCCIICJIOBaHUSI JAWHAMHUKHA HOBBIX KOHCTPYKITUI

riaHeTapHeIx nepefad [13—15]. Ocobenno 3710 ak-
TyallbHO JUISI BBICOKOHATPY)KEHHBIX IUIAHETAPHBIX
MEXaHU3MOB, Pa0OOTAIONMIMX MpPH OOJBITUX CKOPO-
cTAX BpameHus [16, 17].

JnHamMuveckas Moae/Ib KoJieOaHui
TUIAHETAPHOT0 MeXaHU3Ma

3yOuaras mepenaya, Kotopas B OOIIEM ciydaec
paccMmaTtpuBaeTcs Kak CUCTEMa C Paclpe/eICHHbI-
MU MapaMeTpaMu, MOKET OBITh CBelleHa K CHCTEMe
C COCpPEIOTOUCHHBIMH TapaMeTpaMH, a CBSI3H, Ha-
JIOXKEHHBIC Ha 3y0OUaThie KoJieca, 3aMCHEHBI CUIIaMU
YIPYTrOCTH, YTOObI H30€XaTh MPHHIMITHATIBHOTO
pasnuuus auddepeHHanbHbIX YpaBHEHUH, OIH-
CBIBAIONINX IOBEJICHUE 3JIEMEHTOB C paclpe/ielicH-
HBIMH U COCPEIOTOYCHHBIMU Tapamerpamu [18].
B cBs3M ¢ 3THM JTUHAMUYECKask MOJENb ITaHETap-
HOTO peOyKTopa TpelcTaBisieT W3 cebs Habop
TBEPABIX Tel (3yOuaThiXx KOJeC), COCTUHEHHBIX
NpYyXUHAMH, MOJICIUPYIOIIUMH YIIPYTHUE CBSI3H
B 3yOuaThIX mapax, a THOKHiA SUIMKI MPEICTaBICH
B BHJIC YacTell 000/1a ¥ YIPyro CBSI3aHHBIX OTACIb-
HBIX 3yObeB, HAXOMSIIMXCS B JAHHBIH MOMEHT
B 3aIrieruieHuu (puc. 1, 2).
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Puc. 1. PacueTHas cxema IJIaHETApHOI'0 MEXaHMU3Ma B BUJI€ CUCTEMBI TBEPAbIX TEJI

Puc. 2. Tlogatnusele 3aeMeHTHI 1, 2, 3-r0 HENOABIIKHOTO KoJjieca b

MaremaTtndeckass MOJENb KOJIEOAHWN IUIaHE-
TapHOTO MEXaHW3Ma COCTAaBJSICTCS Ha OCHOBE

ypaBHEHUI Jlarpanxa BTOPOTO pona
4 8_T —a—T=Q/- (j=12,...,5). Jlunamuye-
dr\oq; ) 0q;,

CKasi MOJAENb CHUCTeMBbI 3yOuaToOd mapbl JOJDKHA
YUUTHIBATH TIONICPEUHBIC U KPYTHIbHbBIC KOJICOAHMS
kojiec [19]. B cBsi3u ¢ 3TUM 0OOOIIEHHBIMH KOOP-
IWHATAMH ¢, ..., §, SBISIOTCS:

X, M Y, — CMelleHus nentpa macc C,, careln-

JuTa gl H3-3a NOJAaTJIMBOCTH OCH;

X,; U Y, — CMEIIEHHUs yIaCTKOB THOKOrO KoJie-
ca b ¢ Maccamu m,; B MOMEHT MPOXOXKJIECHHUS i-TO
CaTeIINTa;

X, U y, — cMemeHus neHTpa macc C, mecrep-
HH OTHOCHUTENIBHO HEMOJBIDKHOM Touku O u3-3a
HO/ATINBOCTH Baa,

¢, — a0CONIIOTHBIN yroj oBopoTa BOAUNIA B yc-
TaHOBUBIIIEMCS ABUKEHUU;

®,; — OTHOCHTEJILHBIH yrOJl OBOPOTA CATEILIATA

gl OTHOCHUTEIILHO IOJIOKEHHS CaTEJUINTa B YCTaHO-
BUBIIEMCS IBUKCHUH (M3-32 MOJIATIMBOCTH 3yObeRB);
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¢, — OTHOCUTENBHBIN YTOJI IIOBOPOTA IIECTEPHU
OTHOCHTEIIFHO TIOJIOKEHHsS IMECTEPHH B YCTaHO-
BUBIIEMCS JIBIKCHUU (M3-3a2 TOJATIMBOCTH Baja
1 3yObeB).

B cootBeTcTBHM C BEIOpaHHBEIMH 0000IICHHBIMU
KOOpJIMHATAMH a0COJIOTHBIC YTJIOBBIE CKOPOCTH
CaTCIUIUTOB M COJHEYHOW IIECTEPHU PABHBI CYM-
MaM YTJIOBBIX CKOPOCTEH B YCTAHOBHMBIIEMCS JIBU-
JKEHUH (), ¥ OTHOCHTEJILHBIX CKOPOCTEH ¢, U ¢, :

. a6 .. . . 26 .. .
O =iy Py + P, 0 =0y + O,

B 000011eHHbBIE CHIIBI Qj BXOMAT. MOMEHT IBU-
rarens M ; MOMEHT CHJI IOJIE3HOTO CONPOTHUBIIE-

HUst M _; MOMEHT CWJI TpEHUA MTp =(; MOMEHT,

mc?
00yCJIOBIEHHBIH KpyYeHHEM YIIPYyroro Bajia coJ-
HEYHOM IecTepHn M, ,; yIpyrue CHJIbl B 3alel-

nennu xonec b, g F,,, u g, a F,,; ynpyrue peak-

UM OCeW CaTeIUTOB gi CO CTOPOHBI BoAuia
F, ;> YIPYTHE CUJIBI MEKIY OTAEIbHBIMU 3yObAMH

snuuuKIa F .

Kunetndeckasi SHEpTHs CHCTEMBI CKJIa[bIBACTCS
U3 KHHETHYCCKHUX 3Hepr1/n71 CMCIIAaCMbIX Y4YaCTKOB
THOKOTO HEMOJBIKHOTO KoJyieca b; 1 CaTeTUTOB g;
BOIWIIA /; TICHTPAITLHOMN (CONHEYHON) MIECTEPHH d

k n
(puc. 1): T=D"T, + DT, +T,+T,.
i=1 i=1

ITocne moacTaHOBKM CKOPOCTEW TEHI CHUCTEMBI

IMOoJIy4YCeHa MOoJIHaAd KMHETHUYCCKAasd SOHEPTHUA CUCTCMBbIL:

‘ . . .
7= Z(mblixbli 4 MoaiXpar | MosiXpsi |

2 2 2
My Vi +mb2ij;b2i +mb3iyb3i "
2 2 2

i=1

+

2:2 2.2 2.2
n(moa . p, m,y,Qp, mx,Q
z: g wh g/ g vh ggh_

" 2 " 2 i 2
i=1

-m,a,x,0, —m,x,y,0, +m,x,y,¢, +
+ 2

.. ¢
+1,0,0,i, + gzg +

2 .2 2 2
m,x, m,y, 11,6,
+ gg+ g & g &

2 2 2

L0l mE mi
2 2 2

-2

Ialjh(pi [u(pa

+ + ]alahq)h(pa +

CocraBineHbl ypaBHeHUs JlarpaHka BTOPOTro po-
Jla TI0 KaKA0W 13 0000IEeHHBIX KoopArHAT. Takum
o0pazoM, mojiydeHa cucTemMa W3 AeBATH audde-
pEHLMAIbHBIX YPABHEHUI BTOPOro MOpPSIKA, IEp-
BBEIMH M3 KOTOPBIX SIBISIFOTCSI YpaBHEHHS 110 0000-
UIEHHBIM KOOPAMHATAM ¢, U @,

]g¢hi gh +1g¢g =
= _Mmp - Cbg(pgrwg + Cga ((Parwa - (Parwg )rwg; (1)

3mga3\»¢)h + 6mgyg.)>g¢)h + 3mgy§(Ph +

. . 2. .o
+6m,x, X, ¢, +3m,x,¢, —3m,a X, —

=3m,X,y, +3m,x,y, +31,i,0, +
+ 31gigh¢g +1h¢h +Iai5h¢)h +1aiah¢g =

=M .+M -M_ i, 2)

HBlha
AHAJHMTHYECKOE PellIeHHE CHCTEMBbI
Au(pdepeHHAIBHBIX YPABHEHUH
B mepBoM mpHONMMKEHUH CUUTAETCS, YTO YTJIO-

Basi CKOPOCTb BOJAMIA IOCTOSIHHA: (M, = (p, = const;

¢, =0.

-M_ . +M

OTHOCUTEIILHO

X, =X, =X, =0,

TaKXe M_ =0,

ITpunumaercs ™

wobna — M 1y, = 0. LleHTp Macc caremuira

BOJWIA  HE
Vo = yg1 :j}gl =0.

ypaBHeHus (1) u (2) mpUHUMAOT BUJ

MEePEMEILAETCS:
Torma

1,$, +(cbgrjg +cgarjg)¢g —Colualue® =05 (3)
3]gigh([3g +1,i,9,=0. 4)

VYpaBHenue (4) npencrasiser co0oi ypaBHEHHE
BTOPOTO TOpSIKA C Pa3lelSIONMMUCS TepeMeH-
HeiMH. [locie WHTErpupoBaHHS M TIOJCTAaHOBKH
BBIP@KEHHUA JUIL ¢, B ypaBHeHHE (3) IOIy4eHO
ypaBHEHHE CBOOOIHBIX KOJIEOaHWUI
BCIIE/ICTBHE MTOJATINBOCTH 3yObeB:

carciiira

. 2
¢, + k ¢, =0,
rae k — coOcTBEHHAs 4acToTa:

2 .
k2 — (cbg + Cga )ng + 3Cgarwarwglgh
I [alah

g

)

YTtoObl MpoaHAIM3UPOBaTh BIUSIHKE (PaKTOPOB Ha
BEIIMYMHY COOCTBEHHOM YacTOTBbI, HCIOJIb30BAHBI
U3BECTHBIC 3aBUCUMOCTH. JKECTKOCTh B 3y0OuaTom
3alIETUICHUN OHpeerseTcss MOIYJIeM YIPYrocTu
MaTepuana £ u IMPHHOI BeHIA 3yOdYaThIX KOJIEC:
Cpe =Cqo =0,075ED,, [20]. MOMeHTBI MHEPUHMH KO-

nec [ BBIYUCISAIOTCSA KaK y CIUIOIIHBIX JHCKOB; Mac-
CBI KOJIEC OMPEACISIOTCS C y9eToM KodhduImeHTa
3aMOJIHEHHS CATEINIUTA Kk, ¥ CONHEYHOH WIECTEPHH

2 2
m,r, mr
. _ g wg _ a’ wa _ 2
k,: 1, == 1, == m, =k,pmr,b,,
2
m, = kapnrwabw, rae p — IIOTHOCTh MaTepuaia Ko-

nec, b, — mMpuHa BeHUoB. Toraa
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_03Ef 1, 1,57,y
o |kl ki

g wg a’ wa”ah

k2

B paccmarpuBaeMoil cxeMe IIaHETapHOU mepe-

) ) 0,5 .
A4y 1, =(O,51 —l)rwa; Iy =m, i, =
Orcrona
P 0,315 1 2Jr0,75
nprwa kg (0:51_1) ka
Ilpunumaercs, uyrto E = 2,1-10" Tla, p =

= 7800 kr/m’, k, =0,8; k, =1,0.

Ha puc. 3, 4 nmokazaHsl 3aBUCHIMOCTH COOCTBEH-
HOM 4acTOTBl OT pajuyca IEIUTEIbHONH OKPYIKHO-
CTH COJIHEYHOH IIECTEPHH 7,, U IEPEAATOYHOIO

wa

OTHOLIEHUSI MEXaHU3Ma .

|-
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Puc. 3. CobcrBennas yactora k
MPU M3MEHEHUH PaJNyCca COTHEYHOM [IIeCTEPHU
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Puc. 4. CobcTBenHas yacTora k
MIPU U3MEHCHHH TIePEIaTOYHOTO OTHOIICHUS

[Tpy NpUHATHIX TOMyLIIECHUAX

3Li, L5k (0,5i-1)
Q= 0™ L ¢, =

1,5k, (0,5i -1’
=%Asin(ld+ao),

a

U COJHEYHas HIECTepHS MMEeT Ty e COOCTBEH-
HyI0O dYacTtory k, HO aMmIUIMTyAy KoJieOaHUM

B 1,5kg (0,5i—1)3/ka pa3 OOJNbBIIyI0, YeM aMIUIH-
Tyna koneOanwii caremmra A. [lpu kg =0,8;

k,=1,0 u i =8 ammuryzaa koneGaHull COJHEUHON

IIECTEpHHU BCIEICTBHE TMONATIMBOCTH 3yObheB B 32
pasa OoJblile, YeM aMIUIUTYAA KOJeOaHUH caTeIuThTa.

AHaju3 pe3yJbTaTOB

Takum oOpa3om, moydeHa cuctema auddepen-
[UATBHBIX YPaBHEHHH JUHAMUKU TUIAHETAPHOM
nepeiayn ¢ JIEBAThIO CTENeHIMHU CBOOOJBI. [lyTem
psaa IOMYIICHUH MOIYYeHbl aHATUTHUECKUE 3aBU-
CUMOCTH JUIsi COOCTBEHHBIX YAaCTOT CaTeJUTUTa
W COJIHEYHOU IIECTePHH, COBEPIIAIONINX Kojeha-
HUS BCJICJCTBUE MOAATIUBOCTH 3yObeB. COOCTBEH-
HBIC YACTOTHI 3aBUCAT OT YIPYTUX CBOWCTB H ILIOT-
HOCTH MaTepuaia 3y0uaThiX KOJIEC, pa3MepoB COJI-
HEYHOH IIIECTEPHU U NEPEJaTOYHOT0 OTHOILICHHS
IUTaHeTapHOTO MexaHu3Mma. [Ipu yBenuyenun aua-
METpa CONHEYHOM IIECTEPHU COOCTBEHHAS 4acTOTa
yMeHblaeTcs. [Ipy yBeNMYeHUH TepeaaTOIHOTO
OTHONICHUS JI0 3HAYeHHs i =25 COOCTBEHHAs Yac-
TOTa OBICTPO YMEHBINIACTCS, NIPU JTATLHEHIIIEM YBe-
JIMYEHUH | YMEHBIIICHHE COOCTBEHHOM 4acTOTHI HE-
3HAYUTEIHHO.

BriBoabI

VYBenuueHune NoJaTIMBOCTH JJIEMEHTOB IJIaHe-
TapHOHM Iepelavyu CO CTaJbHBIMU 3yO4aTbIMH KO-
JeCaMu HE€ NMPUBOAUT K YMCHBUICHUIO coOCTBEH-
HBIX YacTOT KoyieOaHWH, BO3HUKAIOUINX BCIEICT-
BHE TOJATIUBOCTU 3yObeB, 10 3HAUYEHUI YIJIOBBIX
CKOpOCTEH 3yOuaThIX KOJIEC M 4YacTOT BHELIHHX
BO3JIEHCTBUIA. JTO O3HAYaeT MaJIyl0 BEPOSTHOCTH
BO3HUKHOBEHMSI ~ HEXKeEJAaTeIbHBIX  KoJeOaHWH
B IJIAHETAPHBIX Iepeadax BCIEICTBUE IOAATIIN-
BOCTH 3yObeB. TeM He MeHee 3HAUHMTeNbHas pas3-
HUIA B aMIUTUTYJaX CBOOOIJHBIX KoJeOaHHWH COJI-
HEYHOW INECTEpPHH U CaATEJNINTAa HE HCKIIOYacT
MOBBIIICHHBIX HANPSDKEHUM B 3allelIeHUH 3yOda-
TBIX KOJIEC.

Kpome TOro, BhicOKkue 3HaueHHs COOCTBEHHBIX
4acTOT JAar0T BO3MOXHOCTD pa3eeHus KojieOaHui
CaTeJUINTOB W COJIHEYHON IIECTePHH BCIIEJCTBHUE
MOJATIAMBOCTH 3yObeB M KOJIEOaHUI MONATIMBBIX
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OcCell CcaTeTUTOB, TO €CTh Pa3lENbHOTO PEIICHUS
cucteMbl auddepeHITMANbHBIX ypaBHEHUH JTUHA-
MUKH TUlaHeTapHO# nepenauu. [locnennee HeoOxo-
JIUMO JUIS aHAJIM3a BIUSHUS TMOAATIMBOCTU OCEH
CaTeJUINTOB Ha [WHAMHYECKHE XapaKTePUCTHKU
IJIAaHETAPHOM NepeJadH.
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Modeling of Dynamics of Planetary Gears with Elements of the Increased Flexibility

1. A. Pushkarev, Post-graduate, Kalashnikov ISTU, Izhevsk, Russia

The increased elements flexibility of planetary gear promotes load alignment in wheel meshing, but creates danger
of undesirable vibrations emergence. The research problem of dynamics of planetary gears with elements of the in-
creased flexibility is relevant.

The planetary gear is presented by a set of solid bodies (gearwheels) connected by the springs modeling elastic
constraints in gear pair. The flexible epicycle is presented in the form of gear rim parts and separate teeth with elastic
constraint between them which are at present in meshing.

The mathematical model of dynamics of the planetary mechanism is made on the basis of Lagrange’s equations of
the second kind. Nine generalized coordinates are considered. The generalized forces are: moments of the engine,
forces of friction and useful resistance; the moment caused by torsion of an elastic axle of a sun gearwheel; elastic
forces in wheels meshing, in satellites axles, between separate teeth of an epicycle.

As a first approximation it is considered that planetary carrier’s angular speed is constant. It is also accepted that
the sum of the moments of the engine, forces of friction and useful resistance is equal to zero; and the mass center of
the satellite with respect to the planetary carrier doesn’t move. The system of nine differential equations is reduced to
two equations of free vibrations of the satellite and a sun gearwheel. The meshing rigidity is expressed via the Young
modulus and face width of gearwheels. The moments of inertia of wheels are accepted as for continuous disks; masses
of wheels are determined with account of the filling coefficient.

Analytical dependences for natural frequencies of free vibrations of the satellite and a sun gearwheel owing to
teeth flexibility are received. Influence of a sun gearwheel diameter and gear ratio of the planetary mechanism on
values of natural frequencies is investigated. The conclusion is made for the influence of the increased compliance of
planetary gear elements on undesirable vibrations of the satellite and the sun gearwheel.

Keywords: planetary gear, elements flexibility, dynamic, vibrations, natural frequency.
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