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The analysis of constraints in plane mechanisms is an urgent problem in the theory of machines and mechanisms.
Although kinematic pairs’ classification has been known for a long time, the issue of the conjugation of links, being at
the heart of the analysis and synthesis of mechanisms and machines, is of considerable theoretical and practical inter-
est and continues to attract scientists.

One of the tasks that are solved in the process of analysis and synthesis of the structures of mechanisms is the re-
placement of higher kinematic pairs by lower ones. As a rule, such a replacement is made to identify kinematic chains
of zero mobility, Assur's structural groups, in a mechanism. The replacement may also aim at obtaining the necessary
kinematic relations. That is because specific computational difficulties hamper the kinematic analysis of chains with
higher kinematic pairs due to the relative sliding and shape irregularity of mating surfaces. Yet, the use of replace-
ments to obtain kinematic and transmission functions is difficult due to nonisomorphism of the equivalent mechanism.
Simultaneously, for mixed-type mechanisms, which include geared linkages, the equivalent replacement will allow
unifying the kinematic analysis methods.

The paper suggests the technology of replacing higher kinematic pairs with links with lower pairs as applied to
a plane geared linkage. The technology is based on the properties of the involute of a circumference. The paper
proved the structural and kinematic equivalence of such a replacement. The isomorphism of the equivalent linkage
will enhance the kinematic analysis, make it possible using kinematic functions, and applying methods based on the
instantaneous relative rotations of links, in particular, the Aronhold-Kennedy theorem. Another application of the
replacement method presented in the paper will be the expansion of opportunities for identifying idle constraints in the

mechanism.
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Introduction

n important stage in the design of
A a mechanism is the development of

a structural model which includes the
physical characteristics of the links, the main ones
being strength and rigidity, and the way in which
the links are connected. At the two-link level, their
interaction is modelled by kinematic pairs; at the
higher level of the hierarchy, the mechanism is rep-
resented in the form of kinematic chains and Assur
structural groups.

Kinematic pairs are classified by the number of
constraints imposed on the relative motion of the
links, as well as by the geometry of contact. In the
higher kinematic pairs (according to the classifica-
tion of F. Releaux), contact between the links oc-
curs at a point or along a line, while in the lower
pairs the conjugate profiles come into contact on
the surface. As a rule, the kinematic analysis of

chains with higher kinematic couples gives certain
computational difficulties related to the possibility
of relative sliding of links as well as irregularities in
the shape of touching surfaces. The presence of
dozens of geometric elements (lines and curves for
flat conjugations, plane fragments and spherical,
cylindrical, conical surfaces - in spatial conjuga-
tions) can lead to thousands of possible contact
types in various combinations [1]. The determina-
tion of the geometrical characteristics of the motion
of given points of a satellite in a planetary geared
linkage also involves known mathematical difficul-
ties [2, 3].

Lower couples are much simpler in this respect.
When the contact goes to another place, the nature
of the mutual arrangement and the shape of the
touching surfaces in such pairs do not change, that
is, the equations of constraints are considered to be
unchanged. This is particularly important, for ex-
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ample, to ensure high accuracy in positioning the
end effectors of manipulators [4].

Modern scientific theory of kinematic pairs was
developed by L. T. Dvornikov and E. J. Zhivago
[5]. Instead of the concept of an element of a kine-
matic pair, the authors introduce the concept of the
geometric element of a link, a section of the surface
of a link that is in direct contact with another link.
This allows for a more precise differentiation of
kinematic pairs based on the classification of sim-
ple surfaces whose Gaussian curvature sign does
not change, as well as to consider different com-
plexes of relative motions of the links.

Considering the kinematic pair as a set of con-
straints realized by a certain number of points of
contact makes it possible to specify the principle of
dividing the connections into active (necessary) and
passive (redundant, idle). The problem of detecting
and eliminating redundant constraints in plane link-
ages is topical and important for modern engineer-
ing. L. T. Dvornikov and L. N. Gudimova propose
a method for eliminating redundant constraints in
plane linkages, based on the solution of a system of
two equations that describe the mechanical system
under investigation simultaneously as coplanar and
spatial simultaneously [6].

A new method of eliminating redundant con-
straints in single-circuit and multi-circuiut mecha-
nisms is discussed in detail in the paper of V. N. Er-
mak [7]. According to this method, the mechanism
is represented as the result of the imbrication of
simple (without branching) open kinematic chains.
In this case the structural formula is written in in-
crements and applied to each chain separately.

The complexity of analyzing local mobility and
redundant constraints in contours increases signifi-
cantly for multi-circuit mechanisms such as plane-
tary gear boxes [8]. In solving the problems of
structural analysis of gear boxes it is possible to use
the theory of graphs on the basis of which the inter-
action of contours is studied, the latter are formed
by kinematic pairs whose classes must be previ-
ously justified [9].

Methods of structural synthesis of multi-circuit
lincages are also being developed, in particular
through the identification of the main topological
characteristics of kinematic chains and the devel-
opment of a generalized matrix model of the
mechanism [10-12].

When studying the structure of plane mecha-
nisms and solving problems of kinematics for the
chosen positions, it is often convenient to replace
higher kinematic pairs with links forming lower
kinematic pairs. Since only rotational and prismatic
lower kinematic pairs can be the part of the Assur

structural groups, the equivalent replacement of
higher kinematic pairs is often a prerequisite for
structural analysis.

The method of equivalent mechanisms is popu-
lar when analyzing the structure of mechanisms,
but due to some limitations, chief among which is
the non isomorphic nature of the resulting struc-
tures, it is difficult to use this method for kinematic
analysis [13]. For mixed-type mechanisms, which
include geared lincages, it seems appropriate to re-
duce the structure under study to a single type of
mechanism.

The aim of the research is to obtain the tech-
nology of replacement in planar geared linkages of
higher kinematic pairs with lower ones and to prove
the isomorphism of the resulting structure, that is,
the independence of the lengths of the equivalent
linkage from the relative positions of the links of
the original mechanism.

Replacement technology

The problem of identifying plane toothed
mechanisms of different types with linkages can
have a number of applications, in particular for the
kinematic and structural synthesis of gear mecha-
nisms [14].

Consider the replacement of the higher kine-
matic pair formed by plane toothed contours.
A plane geared linkage is shown in fig. 1, the in-
stantaneous position of which is determined by the
crank angle @; = 30° and the lengths of the links.
The mechanism has the following geometry pa-
rameters: length of crank / is /o4 = 0.05 m; length
of connecting rod 2 is [, = 0.20 m; length of rocker
3 is Igc = 0.24 m; distance /oc = 0.20 m. In the fig-
ure, the kinematic pairs formed by the movable
links are indicated by double indexes.

The wheel z, is part of the connecting rod 4B,
while the wheel z, rotates around a fixed axis pass-
ing through the center of the hinge C. The number
of teeth z, = 25; z, = 35, the radii of the pitch circles
respectively are 7, = 0.1 m and », = 0.14 m. The
teeth are cut without shift of the cutting tool. Crank
04 rotates uniformly with an angular velocity of
o; =7 rad/s.

It is necessary to establish the technology of re-
placement of the higher kinematic pair at the point
of contact of the toothed wheels 2 and 4 by the link
forming two lower pairs. This replacement should
make sense not only to analyze the structure, but
also to find kinematic relationships. To check
whether a replacement is correct, it is necessary to
determine the mobility of the original mechanism
and to calculate the output kinematic parameters,
for example the angular velocity of the output link 4.
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C(Cyy, Cp)

Fig. 1. Geared linkage

By the Chebyshev formula, the mobility of the
plane mechanism is

W =3n-2p,—p,.

In the mechanism under consideration, the num-
ber of movable links is n = 4, there are 5 rotational
kinematic pairs of class 5 (Og1, A12, B2z, Ci4, Dyo),
i.e., ps = 5, one higher kinematic pair of class 4
(Ep), 1.e., ps = 1. Hence, the mobility is

W=34-2.5-1=1. (1)

For the purpose of verifying kinematic equiva-
lence, the instantaneous angular velocity of the
toothed wheel 4 shall be determined. From the
closed vector contour equation OAB — OCB (see
fig. 2.) the projections on the coordinate axis gives

l,cos@, +1,cosq, =1, +1,cosQ, ;

[ sing, +/,sing, =/ sing, .

By differentiating the system of equations ac-
cording to time and substituting given numerical
values, we obtain equations for angular velocities.
Solving these equaitions for a given position, we
determine the instantaneous angular velocities of
the links 2 and 3: o, = —2.67 rad/s, ®; = —1.56 rad/s

(negative signs indicate clockwise rotation of the
links).

v

0,=0

Fig. 2. Vector contour for initial mechanism

We use the values found to determine the veloc-
ity of the points £, and E, belonging to links 2 and
4, taking the position £ (see fig. 1) and forming the
highest kinematic pair E,,.

For a point on the body moving with general
plane motion the following vector equation applies
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Ve, =V, Vi

2

where
‘VEZBZ ‘ =1, -|0)2| =0.27 m/s;

V| = lie [0, =037 s,

Taking into account the parallelism of the fold-
ing vectors and projecting the vector equation on an
axis perpendicular to the BC line and directed up-
wards, we get (fig. 3)

V, =V, =0.37-027=0.1ms.

Then the angular speed of the gear wheel 4 is
oy =—0.71 rad/s. 2)

In the last expression, the sign minus shows the
direction of rotation, the inverse of the accepted
directions of the angles, that is counterclockwise
direction.

Fig. 3. Finding velocity of point £,

In order to remove the highest kinematic pair
E,,, a general normal to the conjugate profiles is
drawn through this point and the corresponding ra-
dii of curvature is found. For involute toothed con-
tours, this problem is solved relatively simply and
precisely on the basis of the use of the properties of
the evolute curve. For analytic determination of the
coordinates of the points of an involute profile, it is
necessary and sufficient to know only the radius of
basic circle of a toothed wheel.

By the law of gearing, the contact normal to the
profiles of the highest pair crosses the center-to-
center line in the instant center of relative rotation
of the links, which is the pitch point. The common

normal to conjugate involute profiles of teeth,
drawn through the pitch point, is tangent to the
basic circles at the points NV, and N,, which are the
centers of curvature of the involute profiles
(fig. 4). These points serves as the centres of rota-
tional lower kinematic pairs of the equivalent
mechanism.

Thus, the proposed technology for replacing
a higher kinematic pair in the engagement of two
toothed contours is as follows. A common tangent
to the basic circles should be drawn through the
pitch point, and the lower rotational kinematic pairs
should be arranged at the intersections of these
lines (points N, and N, in fig. 4). The radii of the
basic circles, carried out at the resulting points,
make the pressure angle o, with a line passing
through the centers of the wheels. Features of the
solution lead to some stable ratios of the lengths of
the links and their mutual position: the distances
between the joints placed in the wheel centres, and
the joints of the equivalent link equal to the radii of
the basic circles (BN, = rpy = 72¢08 0Oy, CNy = 1pg =
= r4cos a,,), link N,Nj is on the path of contact. The
equivalent linkage is shown in fig. 5.

The validity of the replacement is checked ac-
cording to the conditions mentioned above. The
condition for structural equivalence: the mobility
of the replacing mechanism is W = 3n-2p, =

=3.5-2-7=1. This result coincides with that ob-
tained for the original mechanism (see (1)).

To check the fulfillment of the condition of ki-
nematic equivalence, it is sufficient to find the an-
gular velocity of the CN, link, which is a kinematic
analogue of wheel 4 (fig. 6).

Vector equations for the velocities of point N,
written through the parameters of links N,N, and
N4CZ

Given the specific location of the vectors, it is
advisable to project the expression in the n-n direc-
tion (up):

Vy, =V, -€0820°0=V, , =
=0.37-0520°~0.1-c0s 20°-2.67 = 0.1 mJs.

Angular velocity of link CN, equivalent to
toothed wheel 4 is (with roundings)

~0.37-¢0820°-0.1-2.7-c0s 20°
0.14-cos20°

=0.71rad/s.

W,

This result coincides with that obtained for the
original mechanism (see (2)), indicating the kine-
matic equivalence of the replacement.
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Fig. 4. Location of positions of the lower kinematic pairs (V,, Ny), formed by the equivalent link

Fig. 5. Equivalent mechanism

Since the equivalent mechanism is a linkage
containing only lower kinematic pairs of class 5, it
can be divided into Assur’s groups, with the crank
OA; as the primary link (fig. 7).

The structural formula for equivalent second-
class mechanism is:

I LB ./ —32’33 = | > 1 —34’2 = |-
001 A12B23C30 N25N54C40

An important property of the obtained equiva-
lent mechanism is its isomorphism, since the
method of obtaining the lowest kinematic pairs en-
sures constant distances between points B, N,, Ny,

and C. The isomorphy of the equivalent linkage
will allow for the application of analytical methods
[15-17] for kinematic analysis of such mechanisms.

Fig. 6. Finding the velocity of the CN, link which is the
kinematic analogue of wheel 4
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40

Fig. 7. Assur groups for the equivalent mechanism

Conclusion

The article proposes a technology for replacing
higher kinematic pairs with lower pairs for plane
geared linkages, based on the properties of the in-
volute of a circle. The structural and kinematic
equivalence of the replacement is proved on the
example of a plane five-bar linkage. The proposed
method will make it possible to obtain isomorphic
equivalent linkages, which will considerably extend
the possibilities of kinematic analysis by using ki-
nematic functions and by considering instantaneous
relative rotations of links with the application, in
particular, Arongold-Kennedy theorem [18].
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3aMeHa B ILIOCKOM 3y6‘laT0-pr'-lﬂ)KHOM MEXAaHNU3ME BbICIINX KHHEMATHYCCKHUX NMAap HU3IIMMH IMapaMu

3. I'. Kpbinos, NOKTOP NEJarorndeckux HaykK, KaHIuIaT TEXHHIeCKuX Hayk, noueHT, k[ TY umenu M. T. Kanamnukosa,
WxeBck, Poccus
P. @. Banues, cryaent, UxI'TY umenu M. T. Kanamnukosa, Mxesck, Poccus

Ananuz ceszetl 8 NIOCKUX MEXAHUSMAX SGTSLEMCsL AKMYalbHoU npobremoi Mmawunocmpoenus. Hecmomps na mo,
umo Kiaccupurayusi KUHeMamu4eckux nap u3eecmua, npodIeMamuKa COnpsIdICEHUs. 36EHbES JIEHCUN 8 OCHOBE AHANU-
3a U CUHME3A MEXAHUIMO8 U MAWUH, NPEOCAGIsien 3HAYUMETbHbLIL MeopemuiecKull U NPUKIAOHOU uHmepec u npo-
oonicaem nPUGIEKaAmb YUEHbIX.

OO0Holl U3 3a0ay, KOMopbvle Pewaromcs 8 NPoyecce AHAIU3d U CUHME3a MEeXAHUZMO8, S6ISeMCs 3aMEeHA BbLCULUX
Kunemamuyeckux nap Huswumu. Kax npasuno, maxas samena npou3eo0umcs 6 yeisix 6bl0eieHUs KUHEMAMUYECKUX
yenetl Hy1€6oU NOOBUICHOCMU, CMPYKmYpHbLx epynn Accypa. OOHAKo 3amena Modicem maxaice Oblms aKmyaibHou 0
KUHEMAMUYecko20 ananu3d yenel ¢ GblCUUMU KUHEMAMUYECKUMYU Napamu 8 CULy ONpeoelenHblX BblYUCTUMENbHbIX
mMpyoHocmetl, CEA3AHHbIX OMHOCUMENbHBIMU CKOIbICEHUAMU 36EHbES, U HEPEe2YIAPHOCNGIO (POPMbI CONPUKACAIOUUX-
¢ nogepxnocmetl. Ilpu akmyanibHOCMu 9Moul 3AMeHbl ee UCHOb308aHUe 01l NOLYUEeHUsl KUHEMAMUYeCKUx U nepeoa-
MOYHBIX QYHKYULL 3aMPYOHEHO 6 CUNLY CUMYAMUBHOCU 3AMEHbl, HeU30MOPHHOCMU IKGUBANEHMHO20 MEXAHUIMA.
B mo oice gpems Ons paioa mexanuzmos cMewanno2o mund, K KOmopbiM OMHOCIMCS 3y0Uamo-puliadicHble MeXaHu3-
Mbl, IKEUBAICHMHASL 3aMeHA NO360UNA Dbl YHUDUYUPOBAN MEMOObl KUHEMAMUYECKO20 AHAU3A.

Ipeonosicena mexnono2usi 3ameHbl BbICUUX KUHEMAMUYECKUX NAP 36EHbAMU C HUSWUMU NAPAMU, OCHOBAHHASL HA
CBOLICMBAX I601bEEHMbL OKPYICHOCIU. JlOKa3ana cmpyKmypHas U KUHEMAMUYECKAsl IKEUBANEHMHOCHb MAKOU 3ame-
Hbl 01 CIyYas NIOCK020 3y04amo-puluadcho2o mexanusma. Ilokazano, ymo u30Mop@hHoOCmb IKEUBALEHIMHOZ0 Dbi-
YAICHO20 MEXAHUZMA NO360IUM PACUUUPUMb B03MONCHOCIIU KUHEMAMUYECKO20 AHAU3A, UCNOTb306AMb KUHEMamu-
yecKkue QyHKYUU, a maKice NPUMEHsImMs Memoobl, OCHOBAHHbIE HA PACCMOMPEHUU MCHOBEHHbIX OMHOCUMENbHBIX 8DA-
weHull 36enbes, 6 yacmuocmu meopemy Aponconvda — Kenmeou. Ewe oOHuM npumenenuem memooa 3ameHbi,
KOMOopblll npedcmaesien 6 cmamve, 6yoem pacuiupenue 803MONCHOCMEN NO GbIAGICHUIO KOHMYPHBIX U30bIMOYHBIX
ces3ell 6 Mexanusme.

KurwoueBble ¢10Ba: KHHEMaTHYECKas Tapa, KOHTypHas CBA3b, SKBUBAJICHTHBIN MCXaHHU3M, 3y6‘IaT0—pI>I‘Ia)KHBII\/'I MEXa-
HHU3M.
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