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Mathematical modeling is created for the mathematical task of spatial motion of the controlled parachute-tether 

system of the “wind kite” type. The mathematical model parachute-tether system consists of a model of the main para-
chute and a model of the braking parachute. The parachutes are connected by the tether. The model of the main para-
chute is supposed to be the solid body. This solid body has two planes of symmetry.  The braking parachute is the solid 
body with axial symmetry. The tether model is an absolutely flexible elastic thread. The tether is connected by ideal 
hinges with the main parachute and braking parachute. 

The control of the main parachute is carried out by changing the length of the control slings. Changing the length 
causes deformation of the dome. This is the reason for the change in its aerodynamics. Maneuvering of the main para-
chute occurs in the vertical plane, when the length of the control slings changes simultaneously. Maneuvering of the 
main parachute in space is carried out when the length of the control slings changes, when the slings are given 
a travel difference. 

The system of dynamic and kinematic equations is designed for calculating the controlled spatial movement of the 
main parachute, braking parachute and tether. 

The option exists when the mass of the tether and the forces applied to the tether cannot be neglected. The motion 
of the tether is represented by the equations of motion of an absolutely flexible elastic thread in projections on the axis 
of a natural trihedron. The mathematical model is represented by a system of ordinary differential equations and par-
tial differential equations. The problem is solved using various numerical methods. The solution is possible with the 
help of an integrated numerical and analytical approach as well. 
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Introduction 
he actual problem today is the decanting 
of the payload with an accurate delivery to 
the required place on the earth’s surface 

and the development of technical solutions for this 
[1]. This, for example, is associated with the 
fastest time to provide assistance to victims, the 
elimination of forest fires in hard-to-reach areas, 
as well as the risk of losing valuable amphibious 
equipment. The task of controlled descent of 
parachutes of various configurations was solved, 
for example, in [2-5]. Another relevant topic is the 
calculation of the parameters necessary for the soft 
landing of descent spacecraft (for example, 
Churkin V.M., Churkina T.Yu. “Mathematical 

model of the motion of a spacecraft with a com-
bined soft landing system”) or the launch of 
spacecraft into orbit using cable systems [6], as 
well as the removal of spacecraft that have spent 
their life from low orbits with landing at a safe 
point on the Earth's surface. One of the technically 
possible ways to solve such a problem can be the 
use of a parachute-tether system (PTS) of the 
“wind kite” type, consisting of a main parachute 
(MP) and a braking parachute (BP) connected to it 
by a tether. 

The purpose of the study is to create a rela-
tively simple mathematical model that allows de-
termining the trajectory of the vehicle, and there-
fore the cargo. 

T 
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Construction of a mathematical model  
of controlled spatial motion  
of the “wind kite” type PTS 
There are various approaches to modeling and 

studying the movement of parachute systems or the 
movement of connected bodies [7-9]. The problem 
of mathematical modeling and investigation of the 
dynamics of the plane motion of a “wind kite” type 
PTS was solved in [10], on the basis of which we 
will construct a mathematical model of the spatial 
motion of such a PTS. Let’s agree to consider the 
main parachute as a solid body having two planes of 
symmetry, its place of attachment of the parachute 
and tether (“koush”) as an ideal hinge, the tether as 
an absolutely flexible weightless thread, and the 
braking parachute as an axisymmetric solid body. 
Let’s assume that the main parachute’s koush – the 
pressure center of the dome – and the center of 
mass lie on the intersection line of its symmetry 
planes. The center of pressure and the center of 

mass of the braking parachute lie at the same point 
located on the axis of symmetry of the parachute, 
the velocity of the incoming flow is a horizontal 
vector, the modulus of which depends only on the 
height H, and the changes atmospheric densities ρ 
of altitude H are extremely small. The MP is con-
trolled by changing the length of the control lines, 
causing the dome to deformation and, as a conse-
quence, changing its aerodynamics. With a simul-
taneous change in the length of the control lines 
by the amount of δ, the MP is maneuvered in a 
vertical plane, and when the length of the lines 
changes with a difference in stroke δΔ, spatial 
maneuvering of the main parachute occurs. To 
simulate the spatial movement of the PTS (see 
Figure), the following coordinate systems are 
used: the XOYZ absolute system; the X1O1Y1Z1 
system connected to the MP; the X2O2Y2Z2 system 
connected to the tether (rope); the X3O3Y3Z3 sys-
tem connected to the BP. 
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Parachute-rope system scheme of the type of a flying machine 

The beginning of the X1O1Y1Z1 system is com-
patible with the main parachute’s koush, and the 
O1X1 axis is directed along the line of intersection 
of the planes of symmetry. The beginning of the 
X2O2Y2Z2 system is also compatible with the main 
parachute's koush, and the O2X2 axis will be di-
rected along the straight line connecting the O2 

point with the koush of the braking parachute. The 
beginning of the X3O3Y3Z3 system will be located in 
the center of mass of the braking parachute, and its 
axis of symmetry will be chosen as the O3X3 axis. 

The dynamic equations of the MP in projections 
on the axis of the system X1O1Y1Z1 will be written 
as 
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Here , ,ox oy ozV V V  are the projections of the velocity 
vector of the main parachute koush; , ,x y zω ω ω  – 
projections of the vector of the angular velocity of 
rotation of the MP; DV  - the velocity of the pressure 
center of the MP dome relative to the incoming flow 
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where 0W  is the wind speed at the height H0 of the 
main parachute’s koush; m is the mass of the main 
parachute; , , , , ,x y z xy yx zxJ J J J J J  – axial and cen-
trifugal moments of inertia of the main parachute 
relative to the axes of the associated coordinate sys-
tem; ( ), 1, , 6ij i jλ = …  – coefficients of the at-
tached masses of the main parachute dome; 

0 0 0, ,x y zR R R  – projections of the vector of the cable 
tension force in the main parachute’s koush, 

( )1 2 1 2 1 2
0 0 13 13 23 23 33 33 ;xR R a a a a a a= + +  

( )1 2 1 2 1 2
0 0 12 13 22 23 32 32 ;yR R a a a a a a= + +  

( )1 2 1 2 1 2
0 0 11 13 21 23 31 33 ;zR R a a a a a a= + +  

11 cos cos ;j
j ja = γ ϕ  

12 sin sin cos cos sin ;j
j j j j ja = θ γ ϕ − θ ϕ  

13 cos sin cos sin sin ;j
j j j j ja = θ γ ϕ + θ ϕ  

21 cos sin ;j
j ja = γ ϕ  

22 sin sin sin cos cos ;j
j j j j ja = θ γ ϕ + θ ϕ  

23 cos sin sin sin cos ;j
j j j j ja = θ γ ϕ − θ ϕ  
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31 sin ;j
ja = − γ   32 sin cos ;j

j ja = θ γ  

33 cos cos ,j
j ja = θ γ  

where , ,j j jθ γ ϕ  are the angles of rotation of the 
main parachute relative to the axes of the systems 

1 1 1 1   X O Y Z  (when j = 1) and 2 2 2 2   X O Y Z  (when  
j = 2); , , , , ,  x y z x y zC C C m m m  – coefficients of aero-

dynamic forces and moments of the dome of the 
main parachute, 

( )1 1, , , ;x xC C Δ= α β δ δ   ( )1 1, , , ;y yC C Δ= α β δ δ  

( )1 1, , , ;z zC C Δ= α β δ δ   ( )1 1, , , ;x xm m Δ= α β δ δ  

( )1 1, , , ;y ym m Δ= α β δ δ   ( )1 1, , , ;z zm m Δ= α β δ δ  

α1, β1 – angles of attack and sliding of the main 
parachute dome, 
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where ,C Dl l are the distances from the koush to the 
center of mass and the center of pressure of the main 
parachute dome, respectively; S is the characteristic 
area of the main parachute dome; ρ is the air density. 

When conducting trial calculations for modeling 
the spatial motion of a descending object with 
a controlled parachute, dependencies with the fol-
lowing structure were used for the coefficients 
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( )( )0 1 1 1 .z z zC C C Δ= + α β + δ  

For a braking parachute, the dynamic equations 
in projections on the axis 3 3 3 3   X O Y Z  of the system 
are presented as follows: 
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Here 3 3 3, , ox oy ozV V V  – projections of the velocity 
vector of the center of mass BP; 3 3 3, ,  x y zω ω ω  - pro-
jections of the angular velocity vector of rotation 
BP; 03V  – velocity of the center of mass BP relative 
to the incoming flow,  
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where 3W  is the wind speed at the height 3H  of the 
center of mass of the BP; 3m  – the mass of the BP; 

3J  – the moment of inertia of the BP relative to the 
axes 3 3O Y  and 3 3;O Z  3 3 3, ,Bx By BzR R R  – the projec-
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tion of the vector of the tension force of the tether 
in the BP koush, 

( )3 2 3 2 2 2
3 13 13 23 23 33 33 ;Bx BR R a a a a a a= + +  

( )3 2 3 3 3 2
3 12 13 22 23 32 33 ;By BR R a a a a a a= + +  

( )3 2 3 2 3 2
3 11 13 21 23 31 33 ;Bz BR R a a a a a a= + +  

3 3 3, ,θ γ ϕ  – the angles of rotation of the BP relative 
to the system; 3 3 3 3 3, , , ,x y z y zC C C m m  – coefficients 
of the aerodynamic forces and moments of the BP, 
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3α  – angle of attack BP, 
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3l  – the distance from the koush BP to its center of 
mass; 3S  – the characteristic area of the dome is 
BP. 

The dynamic equations (1) and (2) are supple-
mented by the following kinematic equations: 
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where , , ;ox oy ozV V V  , ,x y zω ω ω  – projections on the 

axis 2 2 2 2   X O Y Z  of the system of the koush velocity 

vector of the main parachute and the angular veloc-
ity vector of the rotation of the main parachute, re-
spectively; 2l  - the distance between the couches of 
the main parachute and the braking parachute; 

, ,x y z - the coordinates of the main parachute's 
koush in the system .XOYZ  

In cases where the main and brake parachutes 
are connected by a long tether, the mass of which 
and the forces applied to it cannot be neglected, 
the equations of motion of the main and brake 
parachutes are supplemented by the equations of 
motion of the tether, as which the equations of 
motion of an absolutely flexible elastic thread, 
recorded in projections on the axis, can be used 
natural trihedron: 
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;τ
∂θ

= Ω
∂σ

 

,b
∂ϕ

= Ω
∂σ

 

where , ,n bV V Vτ  – projections of the absolute veloc-
ity vector of the rope element; , ,n bτω ω ω  – projec-
tions of the absolute angular velocity vector of the 
rope element; , bτΩ Ω  – projections of the Darboux 
vector; σ – the arc coordinate of the tether’s ele-
ment; ,  ϕ θ  – the angles of curvature and torsion of 
the tether; T – the tension force of the tether; Tm  – 
the linear density of the stretched tether; f – the co-
efficient of tension of the tether, 

0 ,T

T

mf
m

=  

where 0Tm  – linear density of an unstretched tether; 
, ,n bR R Rτ  – projections of the vector of the resul-

tant of external forces applied to the tether. 
If the stretching of the tether obeys Hooke's law, 

then 

1 ,f T= + α  

where α – specific elongation of the tether, 

1 ,
E

α =  

where E – modulus of elasticity of the tether. 
The equations of the system (6) must be solved 

under boundary conditions, which are the equations 
of the system (1) at 0σ =  ( )0 0,V V T R= =  and the 
equations of system (3) for lσ =  
( )03 , ,BV V T R= =  where l – tether length. 

Conclusions 
1. A mathematical model of the spatial motion 

of the PTS is constructed taking into account the 
equations of motion of the tether in the form of sys-
tems of non-linear ordinary differential equations 
and partial differential equations.  

2. The compilation of a system of dynamic and 
kinematic equations of spatial motion of a con-
trolled PTS allows us to evaluate the main dynamic 
characteristics of the designed PTS and calculate 
their design parameters. 

3. The obtained results can be used to determine 
the parameters of soft landing of descent spacecraft 
and aviation parachute systems, to calculate the 
operability of the elements of the PTS structure tak-
ing into account the dynamics of loading [11]. 

4. It should be noted that the greatest difficulties 
are caused by the study of the movement of the 
tether. A large number of publications by both do-
mestic and foreign authors have been devoted to 
solving this problem. Moreover, such a task arises 
when studying the movement of the tether in vari-
ous environments and not only for the PTS [12-16]. 
The calculation of tether systems is proposed for 
use during the descent of spent spacecraft and even 
in green energy systems [17-20], where various 
methods of numerical solution of the equations of 
tether movement are described. The analytical 
analysis of the dynamics of cable systems is based 
either on the linearization of the equations of mo-
tion of the cable, or on their extreme simplification 
and replacement by equations of model problems of 
mathematical physics. In a number of papers, it is 
proposed to use a complex numerical-analytical 
approach. The method of characteristics has be-
come the most widespread, in which the analytical 
part of the study includes finding characteristics 
and recording the corresponding characteristic 
equations, and their integration is performed on 
a computer. 
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Представлено математическое моделирование пространственного движения управляемой парашютно-

тросовой системы типа «ветролет». Рассматриваемая система представляется моделью, составленной из 
основного парашюта и тормозного парашюта, соединенных тросом. Основной парашют считается твер-
дым телом, имеющим две плоскости симметрии, а тормозной парашют – осесимметричным твердым те-
лом. Трос рассматривается как абсолютно гибкая упругая нить, соединенная идеальными шарнирами с ос-
новным и тормозным парашютами. Управление основным парашютом осуществляется путем изменения 
длины управляющих строп, вызывающего деформацию купола и, как следствие, изменение его аэродинамики. 
При одновременном изменении длины управляющих строп происходит маневрирование основного парашюта 
в вертикальной плоскости, а при изменении длины управляющих строп с заданной разностью хода – про-
странственное маневрирование основного парашюта. Составлена система динамических и кинематических 
уравнений пространственного движения основного парашюта, тормозного парашюта и троса. В случаях, 
когда основной и тормозной парашюты соединены тросом, массой которого и приложенными к нему силами 
пренебречь нельзя, его движение представляется уравнениями движения абсолютно гибкой упругой нити 
в проекциях на оси естественного трехгранника. В результате предлагаемая математическая модель пред-
ставляется системой обыкновенных дифференциальных уравнений и дифференциальных уравнений в частных 
производных, для решения которых могут быть использованы различные численные методы или комплексный 
численно-аналитический подход. Например, при решении методом характеристик аналитическая часть ис-
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следования включает нахождение характеристик и запись соответствующих характеристических уравне-
ний с последующим их численным интегрированием. 

 
Ключевые слова: математическая модель, парашютно-тросовая система, управляемый парашют, аэродина-
мика купола, сила натяжения троса. 
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